Background: The inconsistency in the results obtained from the Rosenbluth separation method and the high-Q 2 recoil polarization results on the ratio µpG p E /G p M implies a systematic difference between the two techniques. Several studies suggested that missing higher order radiative corrections to elastic electron-proton scattering cross section σR(ε, Q 2 ) and in particular hard two-photon-exchange (TPE) effect contributions could account for the discrepancy.
I. INTRODUCTION
The electromagnetic form factors of the nucleon G (p,n) E and G (p,n) M , known as the Sachs form factors [1] , are fundamental quantities in nuclear and elementary particle physics since they are used to parameterize the internal structure of the nucleon. Such a parameterization is our way to describe the deviation of the nucleon from the point-like particle picture. Clearly, precise knowledge of these form factors is important since they are an essential ingredient in many calculations and analyses. The Sachs form factors are functions of the four-momentum transfer squared, Q 2 , only. They can be expressed in terms of the Dirac, F 
where τ = Q 2 /4M 2 N , and M N is the mass of the nucleon. In elastic electron-proton scattering, the reduced cross section σ R , which is simply the measured differential cross section multiplied by a kinematic factor, can be expressed in terms of G p E and G p M as
where σ ns is the non-structure cross section, ε is the virtual photon longitudinal polarization parameter defined as ε −1 = 1 + 2(1 + τ ) tan 2 ( θe 2 ) , and θ e is the electron scattering angle.
Equation (2) is known as the Rosenbluth formula [2] or the Longitudinal-Transverse (LT) separation method. It is derived in the Born approximation based on the assumption that the electron and proton interact through the exchange of one photon (OPE). The reduced cross section σ R is measured at several ε points for a fixed Q 2 , and a linear fit of σ R to ε gives (G p M ) 2 as the intercept and (G p E ) 2 /τ as the slope allowing for the ratio R = G p E /G p M to be determined at that fixed Q 2 point. The ratio G p E /G p M can also be determined using the recoil polarization or polarized target (PT) method [3] [4] [5] , which requires measurement of the spin-dependent cross section. A longitudinally polarized beam of electrons is scattered elastically, transferring their polarization to the unpolarized protons (target). The two polarization transfer observables of interest here are the transverse, P t , and longitudinal, P l , components of the transfered polarization. The normal component, P n , does not exist in elastic scattering in OPE. Simultaneous measurements of P t and P l allows for the determination of the ratio R as
where E, E ′ , and θ e are the incident energy, final energy, and scattered angle of the electron. The two methods yield strikingly different results [6] [7] [8] , with values of µ p G p E /G p M differing almost by a factor of three at high Q 2 . Here µ p is the magnetic moment of the proton. In the LT separation method, the ratio shows approximate form factor scaling, µ p G p E /G p M ≈ 1, albeit with large uncertainties at high Q 2 values. The recoil polarization method yields a ratio that decreases roughly linearly with increasing Q 2 , with some hint of flattening out above 5 (GeV/c) 2 .
II. TWO-PHOTON EXCHANGE CONTRIBUTIONS
To reconcile these measurements, several studies suggested that missing higher order radiative corrections to the electron-proton elastic scattering cross sections, in particular two-photon exchange (TPE) diagrams, may explain the discrepancy [9] [10] [11] . We account for TPE contributions to σ R by adding the real function F (ε, Q 2 ) to the Born reduced cross section
where R = G p E /G p M is the recoil polarization ratio. The role of TPE effects was studied extensively both theoretically and phenomenologically [9, [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Most calculations suggested that the TPE corrections are relatively small, but have a significant angular dependence which mimics the effect of a larger value of G p E . Detailed reviews of the role of the TPE effect in electron-proton scattering can be found in [53, 54] .
Experimentally, several measurements were performed to verify the discrepancy [6, 55] and to try and measure or constrain TPE contributions. Precise examinations of the ε dependence of σ R [40, 41, 44] found no deviation from the linear behaviour predicted in the OPE approximation. Another measurement was performed to look for TPE effects by extracting µ p G p E /G p M at fixed Q 2 as a function of scattering angle [56] . In the Born approximation, the result should be independent of scattering angle, and no deviation from the OPE prediction was observed.
Based on the observations above, it is possible to try and extract the TPE contributions based on the observed discrepancy between the LT and PT results. Assuming that the TPE contributions are linear in ε and that the PT results do not depend on ε, and knowing that the TPE contribution must vanish in the forward limit (ε → 1) [44, 47] , it is possible to extract the TPE contribution to the unpolarized cross section in a combined analysis of LT and PT data [9, [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] . Where polarization data exist as a function of ε, it is possible to attempt to extract the TPE amplitudes with fewer assumptions [43, 46] , though with relatively large uncertainties.
The most direct technique for measuring TPE is the comparison of electron-proton and positron-proton scattering.
The is done by measuring the ratio R e + e − (ε, Q 2 ) = 1−δ2γ 1+δ2γ ≈ 1 − 2δ 2γ after correcting for the electron-proton Bremsstrahlung interference term and the conventional charge-independent radiative corrections. Here δ 2γ is the fractional TPE correction for electron-proton scattering. The leading TPE contribution comes from the interference of the OPE and TPE amplitudes, and so has the opposite sign for positron and electron scattering. The only other first-order radiative correction which depends on the lepton sign is the interference between diagrams with Bremsstrahlung from the electron and proton, and this contribution is generally small. Thus, after correcting the measured ratio for the Bremsstrahlung interference term, the comparison of positron and electron scattering allows for the most direct measurement of TPE contributions. Until recently, there was only limited evidence for any non-zero TPE contribution from such comparisons [57] , as data were limited to low Q 2 or large ε, where the TPE contributions appear to be small. In addition, the details of the radiative corrections applied to these earlier measurements are not always available, and it is not clear if the charge-even corrections were applied in all cases. New measurements [58, 59] have found more significant indications of TPE contributions at low ε and moderate Q 2 , which are consistent with hadronic TPE calculations [13] .
To account for the exchange of two or more photons, Guichon and Vanderhaeghen [9] expressed the hadronic vertex function in terms of three independent complex amplitudes (generalized form factors) which depend on both Q 2 and ε:G p E (ε, Q 2 ),G p M (ε, Q 2 ), and F 3 (ε, Q 2 ). These generalized form factors can be broken into the usual Born (OPE) and the TPE contributions as:
, which are the real electric and magnetic Sachs form factors andF 3 = 0. With the inclusion of the TPE effects, the reduced cross section can be expressed as
and the ratio of the transverse, P t , to the longitudinal, l shows a decrease for ε → 0. Although in qualitative agreement with perturbative QCD (pQCD) [16, 29] , the ratio P l /P Born l at Q 2 = 2.50 (GeV/c) 2 falls-off faster than the pQCD prediction. Therefore, the ratio P l /P Born l was fit to two different functional forms: P l /P Born l = 1 + a l ε 4 (1 − ε) 1/2 (Fit I), and P l /P Born l = 1 + a l ε ln(1 − ε)(1 − ε) 1/2 (Fit II), giving a value of a l = 0.11 ± 0.03 stat ± 0.06 sys for (Fit I), and a l = −0.032±0.008 stat ±0.020 sys for (Fit II). To find the ε dependence of σ R at Q 2 = 2.64 (GeV/c) 2 and due to the experimentally observed linearity of the Rosenbluth plots, a fit of σ R /(µ p G D ) 2 to ε using the form (a + bε) was done. Here G D (Q 2 ) is the dipole parametrization:
This fit yields a value of a = 1.106 ± 0.006 and b = 0.160 ± 0.009. Using the assumption that for ε → 1, Regge limit, the TPE correction to σ R vanishes, σ R can now be expressed in the OPE approximation as:
The amplitude Y M is on the few percent level and is mainly driven by the TPE effect in σ R which is to a good approximation given by σ 2γ
The amplitude Y M rises approximately linearly in ε and starts showing deviation from linearity as ε → 1. On the other hand, the amplitudes Y E and Y 3 are mainly driven by the polarization data. They are on the 2-3% level and have opposite signs in the region constrained by the polarization data (ε ≥ 0.6). Therefore, they tend to partially cancel each other in the polarization transfer ratio. The leading TPE correction to the ratio P t /P l is approximately given by (P t /P l ) 2γ = (Y E + Y 3 ). Finally, the amplitude Y 3 is driven by the P l data and the TPE correction to P l is given by P 2γ
Based on the framework of [9] , Arrington [45] performed a global analysis where he extracted the TPE amplitudes ∆G p E,M and Y 2γ . He assumed that the amplitudes were ε-independent and took ∆G p E = 0. Values for Y 2γ (Q 2 ) were extracted from the difference between polarization and Rosenbluth measurements, taking into account the uncertainties in both data sets. Based on the high-ε constraints from the comparison of positron and electron scattering [57] the amplitude ∆G Mp was determined by requiring that its contribution to σ R at ε = 1 cancelled the contribution of Y 2γ . The extracted TPE amplitudes and their estimated uncertainties are then parametrized as a function of Q 2 , and used to apply TPE corrections to the form factors obtained from a global Rosenbluth analysis [11] and the new recoil polarization data. The Y 2γ amplitude was determined in the range of 0.6 ≤ Q 2 ≤ 6 (GeV/c) 2 and then parametrized according to: Y 2γ = 0.035 1 − exp(−Q 2 /1.45) . In contrast to [9] , the true ratio G p E /G p M obtained was actually corrected for all TPE amplitudes δG p E,M and Y 2γ and it was well parametrized by µ p G p E /G p M = (1 − 0.158Q 2 ). In both of these analysis, there is not enough information to directly determine the amplitudes, so assumptions have to be made about the relative importance and the ε dependence of the three TPE amplitudes. Common to these analyses are the assumption that the correction is close to linear in ε, as no non-linearities have been observed [25, 40, 41, 44] . If one also neglects the TPE correction to the polarization data, which is significantly smaller at high Q 2 , then it is not necessary to work in terms of the polarization amplitude; one can simply parametrize the TPE contributions to the reduced cross section, taking a linear (or nearly linear) ε dependence.
The analysis of Borisyuk and Kobushkin [43] takes a similar approach, although they use a different linear combination of amplitudes than Ref. [9] . Again, the ε dependence of P t /P l is taken to be zero [56] , and the correction to the cross section is taken to be linear [41] . Data from available electron-proton scattering cross sections in the range of 2.20 ≤ Q 2 ≤ 2.80 (GeV/c) 2 were interpolated to Q 2 = 2.50 (GeV/c) 2 to extract the amplitudes at a fixed Q 2 value. This yields an extraction in terms of a single amplitude.
Theoretically, different approaches were adapted to calculate TPE corrections to electron-proton scattering observables such as: the hadronic [9, 12-15, 20, 21, 26, 27, 30-35] , partonic models (GPDs) [22, 23] , dispersion relations (DRs) [19, 28] , and pQCD [16-18, 29, 39] based calculations. However, calculations of the TPE amplitudes or generalized form factors were done mainly using hadronic-and pQCD-based calculations. In the hadronic approach, which is mainly valid at small to moderate Q 2 values, the TPE processes are mediated by the production of virtual hadrons and/or hadronic resonances in the intermediate state. Therefore, the TPE amplitudes can be broken down into contributions according to the hadronic intermediate state involved such as: the elastic contributions where only a pure nucleon is considered, and inelastic contributions coming from multiparticle states such as pπ, pππ, and in particular, emphasis was placed on hadronic intermediate states containing the prominent ∆(1232) resonance, Ropper resonance, and πN (pion + nucleon). The πN contribution can be further split into contributions coming from different partial waves or channels such as the P 33 channel where the ∆(1232) resonance resides (πN intermediate state with quantum numbers of the ∆(1232) resonance) as it has 100% πN content, and contributions from higher total angular momentum of J = 1/2 and 3/2 (eight different channels). However, these contributions are to be viewed as the first terms of an infinite expansion of the total πN contribution in the intermediate state as it is not clear when such a series will eventually converge. The second is the quark approach where the nucleon is treated as system of interacting quarks (partons) in the intermediate state with their interactions described by perturbative Quantum Chromodynamics (pQCD).
The most important and well-studied contribution in the hadronic-type approach is the elastic contribution which influences mainly the magnetic form factor. Kondratyuk et al. calculated the effect of adding the ∆(1232) resonance [14] and other several light resonances [15] on the cross section. The overall effect is smaller than the elastic contribution with the ∆(1232) resonance yielding the largest contribution, and the contributions from the other resonances partially cancelling each other.
Borisyuk and Kobushkin [30] evaluated the ∆(1232) resonance contribution to both the cross section and the TPE amplitudes. The ∆(1232) resonance affected mainly the generalized electric form factor (δG E /G M ), while the elastic contribution influenced mainly the magnetic form factor (δG M /G M ). The effect of the ∆(1232) resonance was found to grow in magnitude with Q 2 where it became sizable and far exceeded that of the elastic contribution at large Q 2 . This implies a relatively large correction to the recoil polarization ratio
The total correction to the recoil polarization ratio δR at high Q 2 , Q 2 > 3.0 (GeV/c) 2 ), including both the elastic and ∆ contributions or δR = (δ el +δ ∆ ) was found to be much larger than the experimentally quoted systematic uncertainty. When the correction δR is applied to polarization measurements, the ratio R becomes negative at
The two hadronic calculations of the ∆(1232) resonance contribution discussed above assumed zero-width for the resonances (widths assumed negligibly small). Such an assumption is rather strong as the width of the ∆(1232) resonance (Γ ∆ ≈ 110 MeV) is comparable to the distance from threshold (M ∆ ≈ 160 MeV).
Borisyuk and Kobushkin [31] evaluated the effect of the πN (pion + nucleon) hadronic intermediate state with emphasis on the P 33 channel where the ∆(1232) resonance resides. They included a realistic resonance width and shape and corresponding background. While the ∆(1232) resonance contribution is negligible compared to the elastic one at low Q 2 , the correction to the δG E /G M amplitude is large and grows rapidly in magnitude for Q 2 ≥ 2.50 exceeding that of the elastic intermediate state in agreement with their previous results which assumed zero-width [30] . Consequently, the recoil polarization ratio
However, the magnitude of the correction is ∼ 30% smaller than that obtained assuming zero-width.
Calculations of the TPE amplitudes taking into account hadronic intermediate state containing the πN system with higher total angular momentum (J = 1/2 and 3/2 for eight πN different channels) assuming finite resonance width, realistic resonance shape and form factors, as well as nonresonant background were also performed [32] . It was found that the largest contributions came from the channels with quantum numbers of the lightest resonances dominated mainly by the contribution of the P 33 channel. On the other hand, the cor-rection to the recoil polarization ratio δR at high Q 2 is smaller but still sizable and grows roughly linearly with Q 2 due to a cancellation between the different channels contributions.
Zhou and Yang [34, 35] calculated the ∆(1232) resonance contribution to σ R where they used a correct vertex function for γN → γN ∆, realistic γN ∆ form factors, and coupling constants. In their calculations, the TPE correction δ ∆ showed a rising and decreasing behaviour as ε → 1 in disagreement with predictions of other hadronic calculations which suggested the vanishing of the correction in the limit ε → 1. Such disagreement was attributed to the asymptotic behaviour of the TPE amplitudes at s → ∞ which was assumed to vanish in other calculations. While their calculations agreed reasonably well with measured σ R from Ref. [60] , substantial discrepancy remained when σ R data from Refs. [6, 61] were used. They concluded that their model should be restricted to low energy, W ≤ 3-4 GeV, and to low Q 2 experimental data in that energy range.
Lorenz et al. [21] calculated TPE corrections to σ R including elastic and ∆-resonance intermediate states using phenomenological information on the vertices. They included Coulomb contribution and updated photocoupling values for the γN δ-vertices, and used data on the Q 2 dependence of the nucleon-∆ transition from electroproduction of nucleon resonances in terms of helicity amplitudes. The results showed strong dependence on the choice of elastic nucleon and nucleon-∆ transition form factors used as input, in disagreement with previous calculations. At low Q 2 , the ∆ contribution is much smaller than the elastic contribution. On the other hand, the contribution at high Q 2 is comparable to that of the elastic.
At high Q 2 values, the hadronic approach becomes inadequate and the TPE corrections are calculated mainly within the framework of GPDs [22, 23] and pQCD [16-18, 29, 39] . Afanasev et al. [23] calculated TPE corrections to σ R using formalism of GPDs. The authors doubt the applicability of pQCD for the currently existing data. Borisyuk and Kobushkin [29] calculated TPE corrections to σ R (the δG M /G M amplitude) within the framework of pQCD for the proton target using wave functions based on QCD sum rules. The δG M /G M amplitude has linear ε dependence, and grows logarithmically with Q 2 reaching 3.5% of the Born amplitude at Q 2 = 30 (GeV/c) 2 . At lower Q 2 , a smooth connection with hadronic calculations assuming an elastic intermediate state is possible. However, at high Q 2 , the two calculations yield different results suggesting the inadequacy of the hadronic approach for Q 2 ≥ 3.0 (GeV/c) 2 . Kivel and Vanderhaeghen [18] calculated TPE corrections to σ R at moderately large Q 2 values of 2.64, 3.20, and 4.10 (GeV/c) 2 using a QCD factorization approach within the framework of the softcollinear effective theory (SCET) arising from both the soft-and hard-spectator scattering contributions. The TPE corrections to σ R are linear in ε but small in magnitude. However, for Q 2 > 2.5-3.0 (GeV/c) 2 , the descrip-tion of σ R as a linear function in ε for the whole ε range is no longer valid as deviation from linearity at small ε is seen at large Q 2 . While the effect of nonlinearity is relatively small at Q 2 = 2.64 (GeV/c) 2 , it is sizable at Q 2 = 4.10 (GeV/c) 2 . Such observation is also in agreement with hadronic-type calculations which reported similar behaviour at moderate Q 2 values. The TPE amplitudes Y M and Y 3 were also calculated and both showed weak Q 2 dependence with opposite ε dependence. The absolute values of the amplitudes are much smaller than those extracted phenomenologically in Ref. [46] and with non-vanishing value as ε → 1. The ratio P l /P Born l is dominated by the soft-spectator contribution and with non-vanishing value at ε = 1.
III. EXTRACTION OF THE TPE AMPLITUDES
In this section I discuss the procedure used to extract the three TPE amplitudes Y M , Y E , and Y 3 (generalized form factors) as a function of ε at fixed Q 2 value based on the formalism of Guichon and Vanderhaeghen, Eqs. (9). The procedure followed by Guttmann et al. [46] to extract the ε dependence of the TPE amplitudes at Q 2 = 2.50 (GeV/c) 2 was outlined in Sec.(II). They used the measurements of the ε dependence of the ratios µ p R and P l /P Born l at Q 2 = 2.50 (GeV/c) 2 from Ref. [56] , along with the ε dependence of the cross section at Q 2 = 2.64 (GeV/c) 2 from Ref. [6] to constrain the three TPE amplitudes. However, the parametrizations of the ε dependence of the ratio P l /P Born l used in their analysis, Fits I and II, are not well motivated by the experimental data.
In this article I do the following: (i) I show in principle that the TPE amplitudes under certain assumptions and constraints can be extracted at fixed Q 2 value using combined cross section and polarization measurements of elastic electron-proton scattering.
(ii) I extend the previous extractions [46] to cover both low-and high-Q 2 values, and provide simple parametrizations of the TPE amplitudes. I compare my results to different phenomenological extractions and direct TPE calculations.
(iii) I use my parametrizations of the TPE amplitudes to calculate the ratio P l /P Born l for a range of low-and high-Q 2 values, and then compare the results to recent fits, theoretical calculations, and direct measurements at
The procedure, together with the constraints and assumptions used is outlined below:
(1) I assume that the TPE correction is responsible mainly for the discrepancy between the cross section and polarization data measurements.
(2) Because the recoil polarization data were confirmed "experimentally" to be essentially independent of ε, I constrain the ratio − τ (1 + ε)/(2ε)P t /P l in Eq. (9b) to its ε-independent term (Born value) or R = G p E /G p M by setting the TPE contributions to zero. Therefore, I will use the recent improved parametrization of the ratio R along with its associated uncertainty [52] from polarization measurements at both low-and high-Q 2 values
with an absolute uncertainty in the fit given by:
(3) Using the constraint on Y M (ε, Q 2 ) from Eq. (11),
(4) Because the TPE amplitudes are functions of ε and Q 2 , I expand each of the amplitudes Y E and Y 3 as a polynomial of degree n as
where the coefficients α k and β k (k = 0, 1, · · · , n) are functions of Q 2 only. (5) Because of the experimentally observed linearity of the Rosenbluth plots [25, 40, 41, 44] where σ R exhibits no (or weak) nonlinearity in ε, I truncate the series at n = 2 to reserve as possible the linearity of σ R as well as to account for any possible nonlinearities in the TPE amplitudes
(6) Substituting Eqs. (14) in Eq. (9a), and imposing the Regge limit where the TPE correction to σ R vanishes in the limit ε → 1, I obtain Y E (1, Q 2 ) = −Y 3 (1, Q 2 ) or simply: (α 0 + α 1 + α 2 ) = −(β 0 + β 1 + β 2 ). Further, to ensure the correct behaviour of the TPE amplitudes as ε → 1 where each amplitude must go to zero (Regge limit), I obtain the following constraints on the coefficients: α 0 = −(α 1 + α 2 ) and β 0 = −(β 1 + β 2 ). (7) Using the constraints on α 0 and β 0 derived above, σ R can now be expressed as
.
with (G p M ) 2 , α 1 , α 2 , β 1 , and β 2 are functions of Q 2 only, and can in principle be determined by fitting σ R to ε for a fixed Q 2 value. (8) In order to utilize Eq. (15) above, and for a fixed Q 2 value, σ R must be measured at a minimum of six ε points. However, the number of fitting parameters can be reduced by fixing the value of (G p M ) 2 and making use of the assumption that for ε → 1, the TPE correction to σ R vanishes or:
In addition, because of the experimentally observed linearity of the Rosenbluth plots where σ R data show a linear behaviour in ε suggesting the fit: σ R = [a(Q 2 ) + εb(Q 2 )]. Therefore, for a fixed Q 2 value, I linear fit σ R to ε and extract the constants a(Q 2 ) and b(Q 2 ). Equating the two expressions for σ R (ε = 1, Q 2 ) yields
(9) I constrain R and (G p M ) 2 in Eq. (15) to their values as given by Eqs. (10) and (16), respectively, and fit σ R to ε with α i and β i (i = 1, 2) being the parameters of the fit. The coefficients α 0 and β 0 are then determined using the constraints: α 0 = −(α 1 + α 2 ) and β 0 = −(β 1 + β 2 ). Finally, for a fixed Q 2 value, the three TPE amplitudes and the ratio P l /P Born l are determined as a function of ε using Eqs. (11) and (14), and Eq. (9c), respectively.
IV. RESULTS AND DISCUSSION
I extract the values of (G p M (Q 2 )) 2 and the TPE amplitudes coefficients α k and β k (k = 1, 2) following the procedure outlined in Sec. (III). I fit the world data on σ R used in the analysis of Ref. [52] to extract (G p M (Q 2 )) 2 first following Eq. (16) . By fixing the values of (G p M (Q 2 )) 2 and the recoil polarization ratio R, I then fit σ R to Eq. (15), and extract the TPE amplitudes coefficients. In this analysis, 93 Q 2 points up to Q 2 = 5 (GeV/c) 2 were used with σ R measured at a minimum of five ε points. For the high Q 2 points, Q 2 > ∼ 1 (GeV/c) 2 , the majority of σ R measurements were made at a limited number of ε points (below 5 points), and therefore, only a handful set of these Q 2 points could be used in the analysis. However, this was not the case for the low-Q 2 measurements. Figure 1 shows the result of my σ R fit for a sample of low-and high-Q 2 data points along with the Rosenbluth fit for comparison. My fit describes the data remarkably well with some deviation from linearity at low ε for the high Q 2 points. Such nonlinearity was also observed in several hadronic-and pQCD-based calculations in this range. See discussion in Sec. II for details. While most σ R fits yielded reasonable reduced χ 2 values ranging from 0.03 < χ 2 ν < 1.80, fits to 17 low-Q 2 data points in the range 0.0195 < Q 2 < 0.779 (GeV/c) 2 from Refs. [66, 68] yielded χ 2 ν > 1.80. I also determined the values of (G p E (Q 2 )) 2 using the improved parametrization of the ratio R and its associated uncertainty [52] . The values of (G p E /G D (Q 2 )) 2 and (G p M /µ p G D (Q 2 )) 2 along with the fit results for the TPE amplitudes coefficients are included in the online Supplemental Material [62]. Figure 2 shows the values of (G p E /G D (Q 2 )) 2 and (G p M /µ p G D (Q 2 )) 2 extracted from this work. I also compare my results to the values as extracted based on hadronic calculations, labeled "AMT-Hadronic" [63] and "VAMZ" [64] . In addition, I show fits from previous phenomenological analyses labeled: "ABGG" [65] , "Bernauer" [66] , "Arrington-Y 2γ " [45] , and "Puckett" [67] .
For (G p E /G D (Q 2 )) 2 , my results in general are in reasonably good agreement with extractions using calculated TPE corrections and phenomenological-based fits. However, the "Bernauer" and the "Arrington-Y 2γ " fits are very different at large Q 2 . The "Arrington-Y 2γ " fit, on the other hand, is the only analysis that allows for TPE contributions to the recoil polarization data, though the extraction of these terms is extremely model dependent.
For (G p M /µ p G D (Q 2 )) 2 and at low Q 2 , my results are significantly above most previous fits. This reflects the discrepancy between the recent Mainz data which yields values of G p M which are systematically 2-5% larger than previous world data [66] . At low Q 2 , this corresponds to only a small difference in the cross section at large scattering angle, but for the larger Q 2 values of the Mainz experiment, this corresponds to a significant difference in the measured cross sections. Note that except for the Bernauer result, most of the previous phenomenological extractions of the form factors and TPE contributions were focused on large Q 2 values, and so did not always worry about how well the parameterizations of R reproduced low Q 2 data.
The TPE amplitudes coefficients α k and β k (k = 0, 1, 2) extracted from this work as a function of Q 2 are shown in Fig. 3 . The coefficients are at the fewpercentage-points level, and all show hints of oscillatory behaviour below Q 2 = 1.0 (GeV/c) 2 with clear sign of structure (dips/bumps) at Q 2 ≈ 0.02 (GeV/c) 2 . For Q 2 > ∼ 1.0 (GeV/c) 2 , the extractions were done using a limited number of Q 2 points, the coefficients change sign and increase in magnitude with increasing Q 2 but with larger uncertainties.
Recently [52] , the proton form factors and the TPE correction a(Q 2 ) values were extracted based on the parametrization from Borisyuk and Kobushkin (BK parametrization) [27] where σ R is expressed in the fol- lowing form
While the values of the TPE parameter a(Q 2 ) extracted from Mainz data [66] show hints of oscillatory behaviour below Q 2 = 0.3 GeV 2 , the uncertainties in the extracted TPE contribution are an underestimate of the true uncertainties. The quoted uncertainties on the individual cross sections do not include correlated systematic effects, which are a significant contribution to the total uncertainty in their final form factor parameterization, and I do not account for any residual uncertainty in the normalization of the data subsets which are fit as part of the global analysis [66] . So while the oscillatory behaviour in the TPE amplitudes coefficients extracted in this work seems significant compared to the uncertainties that are shown, these uncertainties are incomplete and this cannot be taken as meaningful evidence for such structure.
The TPE amplitudes coefficients are then used to construct the TPE amplitudes using Eqs. (11) and (14) . Out of the 93 Q 2 points analyzed, 17 points yielded unex- pectedly large TPE amplitudes exceeding the 10% level. These points are: 13 points in the range 0.2 ≤ Q 2 ≤ 0.7 (GeV/c) 2 from Ref. [66] , Q 2 = 0.779 (GeV/c) 2 from Ref. [68] , Q 2 = 2.0 (GeV/c) 2 from Ref. [61] , and Q 2 = 2.5 and 5.0 (GeV/c) 2 from Ref. [60] . Note that these points are not shown in Fig. 3 for clarity. However, no correlation was found between the large TPE amplitudes values obtained using these Q 2 points and the large χ 2 ν obtained from the σ R fits.
In an attempt to parametrize the Q 2 dependence of the TPE amplitudes coefficients α(β) (0,1,2) (Q 2 ), several different functional forms were tried. All fits yielded unexpectedly large χ 2 ν when all the 93 Q 2 points were included in the fit. However, the best fits were achieved when "all" the TPE amplitudes coefficients were parametrized as a second-order polynomial of the form: α(β) (0,1,2) (Q 2 ) = (a 0 +a 1 Q 2 +a 2 Q 4 ), and when the 17 Q 2 data points with large TPE amplitudes were excluded. The fits, valid up to Q 2 = 4 (GeV/c) 2 , are shown in Fig. 3 as solid red lines, and the parameters of the fits are listed in Table I . The coefficients α 2 and β 2 have the largest χ 2 ν values. However, calculating these two coefficients using the constraints: α 2 = −(α 0 + α 1 ) and β 2 = −(β 0 + β 1 ) yielded effectively the same results as those of the fits.
The ε dependence of the TPE amplitudes as extracted from this work is shown in Fig. 4 for a range of Q 2 values. The amplitudes are on the few-percentage-points level, and behave roughly linearly with increasing Q 2 . The amplitude Y M is the largest in magnitude. It is mainly positive at low Q 2 and changes sign and increases in magnitude with increasing Q 2 where it becomes non-linear. The amplitude Y 3 is also sizable and positive at low Q 2 and starts to decrease with increasing Q 2 . At high Q 2 values, Q 2 ∼ 3.0 (GeV/c) 2 , Y 3 changes sign and becomes negative and starts to grow in magnitude with increasing Q 2 where it becomes non-linear. On the other hand, the amplitude Y E is negligible and mainly negative at low Q 2 . It starts to increase in magnitude with increasing Q 2 , and then changes sign and becomes positive at Q 2 ∼ 3.0 (GeV/c) 2 where it continues to grow in magnitude and becomes non-linear.
The Y E and Y 3 amplitudes extracted in this work differ in magnitude, and certainly have opposite sign to each other as Q 2 increases where they tend to partially cancel each other. This suggests that the TPE correction to σ R is driven mainly by Y M and to a lesser extent by Y 3 . This is in agreement with the finding of Ref. [46] for the extraction of the TPE amplitudes at Q 2 = 2.50 (GeV/c) 2 .
I also compare my results to several previous hadronic TPE calculations assuming different intermediate states: elastic labelled as "Y M elastic", "Y E elastic", "Y 3 elastic" [28] , and elastic + πN with spin 1/2 and 3/2 channels labelled as "Y M spin", "Y E spin", "Y 3 spin" [32] . While my results for Y M and Y E are in reasonable qualitative agreement with previous hadronic calculations, showing the fall and rise of both amplitudes with increasing Q 2 , my results for Y 3 have opposite sign and deviate substantially from calculations except at Q 2 ∼ 1.0 (GeV/c) 2 .
In Fig. 5 I show the results of the ε dependence of the TPE amplitudes at Q 2 = 2.50 (GeV/c) 2 along with the error bands, shown as very long-dashed lines, as computed using the covariance matrix of the fits. I compare In addition, I compare the results to previous hadronic calculations assuming different intermediate states: elastic labelled as: "YM elastic" (dashed-dotted black line), "YE elastic" (dashed-dotted red line), "Y3 elastic" (dashed-dotted dark-green line) from Ref. [28] , and elastic + πN with spin 1/2 and 3/2 channels labelled as: "YM spin" (long-dashed black line), "YE spin" (long-dashed red line), "Y3 spin" (long-dashed dark-green line) from Ref. [32] .
the results to previous phenomenological extractions of Ref. [46] , labelled as "Guttmann Fit I" and "Guttmann Fit II". In addition, I compare the results to several previous hadronic TPE calculations assuming different intermediate states: elastic "BK: elastic" [28] , elastic + ∆(1232) resonance "BK: elastic + ∆(1232)" [30] , elastic + πN (P 33 channel) "BK: elastic + P 33 and to calculations based on QCD factorization within the SCET approach from Ref. [18] "KV". Note that in a leading twist QCD-type calculation, the two amplitudes Y M and Y 3 can only be calculated but not Y E as the virtual photon (gluon) cannot flip the quark spin and calculation of the amplitude Y E requires knowledge of the quark transverse momenta distribution. For Y M , and despite the large error band, my results are generally in good qualitative agreement with previous phenomenological extractions from Ref. [46] for ε < 0.60, and deviate substantially above that. On the other hand, the results are in good qualitative agreement with all hadronic TPE calculations of Refs. [28, [30] [31] [32] with the elastic contribution, "BK: elastic", being the closets, although all hadronic calculations are very close in value with amplitudes vanishing in the limit ε → 1. For Y E and Y 3 , the error bands are smaller and the amplitudes are more constrained than Y M . For Y E , my results are in very good agreement with all hadronic calculations as well with the inelastic contribution, "BK: elastic + ∆(1232)" being the closest, but deviate from phenomenological extractions for all ε range. For Y 3 , my results disagree noticeably with both phenomenological extractions and all hadronic calculations. On the other hand, the QCD-type calculation within the SCET approach from Ref. [18] disagree strongly with my results, previous phenomenological extractions, as well as hadronic TPE predictions as the amplitudes Y (M,3) do not vanish in the limit ε → 1, with the absolute values of these amplitudes being much smaller than those obtained in Ref. [46] . Figure 6 shows the Q 2 dependence of the TPE amplitudes as extracted from this work at a fixed ε = 0.25. The error bands on the amplitudes are shown as very long-dashed black lines. I also compare the results to hadronic TPE calculations arising from: elastic "BK: elastic" [28] , elastic + ∆(1232) resonance "BK: elastic + ∆(1232)" [30] , elastic + πN (P 33 ) channel "BK: elastic + πN (P 33 )" [31] , and elastic + πN (Spin 1/2 and 3/2) channels "BK: elastic + πN (Spin 1/2 and 3/2)" [32] . For Y M and Y E , although my results fall below theoretical predictions, they generally are in reasonable qualitative agreement with calculations, all showing a fall and then rise of both amplitudes with increasing Q 2 . For Y M , and at large Q 2 values, the error band is large and my results are closer to calculations assuming a pure proton in the intermediate state (elastic) suggesting that Y M is influenced mainly by the elastic contribution where the inelastic contributions are smaller. The amplitudes Y E and Y 3 are more constrained than Y M as suggested by the computed error bands. For Y E , and at large Q 2 values, my results are closer to calculations assuming inelastic contributions, elastic + ∆(1232) resonance and to a lesser extent elastic + πN , suggesting that Y E is influenced mainly by inelastic contributions at large Q 2 values. For Y 3 , the amplitude is flat and above calculations up to Q 2 ∼ 1.0 (GeV/c) 2 where it starts to fall-off rapidly with increasing Q 2 disagreeing noticeably with theoretical predictions except for calculations assuming elastic + ∆(1232) resonance which predict a slower fall-off of the amplitude at large Q 2 values. The tension between the Y E and Y 3 amplitudes is obvious where they tend partially to cancel each other indicating that the TPE correction to σ R is driven mainly by Y M and to a lesser extent by Y 3 . The ε dependence of the ratio P l /P Born l as extracted from this work, using Eq. (9c), is shown in Fig. 7 for a range of Q 2 values. At low Q 2 , the ratio is below unity and shows little sensitivity to ε. The ratio increases with increasing Q 2 and changes sign, where it shows a sign of enhancement with ε at large Q 2 values. Figure 8 shows the ε dependence of the ratio P l /P Born l as extracted from this work at Q 2 = 2.50 (GeV/c) 2 . I also compare the results to the experimental data points from the GEp-2γ collaboration [56] , previous fits from Ref. [46] , labelled as "Guttmann Fit I" and "Guttmann Fit II", as well as to several theoretical predictions: hadronic TPE calculation from Ref. [13] "Hadronic" where all the proton interme-diate states are accounted for, the partonic model from Ref. [23] which accounts for hard scattering of electrons by quarks embedded in the nucleon through generalized parton distributions "GPD", calculation based on QCD factorization within the SCET approach from Ref. [18] arising from both the soft-spectator "KV-Soft Spectator" and hard-spectator "KV-Hard Spectator" scattering contributions, and calculation based on subtracted dispersion relation formalism applied to the case of a nucleon in the intermediate state from Ref. [19] "MV". While my results show enhancement with ε, and are in good qualitative agreement with the experimental data and previous fits at low ε, they disagree strongly at large ε. On the other hand, my results disagree noticeably with theoretical predictions for the entire ε range. The non-vanishing of the ratio P l /P Born l and the TPE amplitudes Y (M, 3) at ε = 1 is clearly a behaviour that is mainly associated with the soft-spectator contribution. as a function of ε at Q 2 = 2.50 (GeV/c) 2 from this work (solid black line). Also shown the data points from the GEp-2γ experiment Ref. [56] (solid red squares). The blue star indicates the value of ε at which the data have been normalized to unity. In addition, I compare the results to previous fits from Ref. [46] "Guttmann Fit I" (dashed black line) and "Guttmann Fit II" (long-dashed black line), and to several previous theoretical predictions: "Hadronic" [13] (solid red line), "GPD" [23] (dashed red line), "KV-Soft Spectator" (solid blue line) and "KV-hard Spectator" (dashed blue line) [18] , and "MV" [19] prediction band (solid dark-green lines).
V. CONCLUSIONS
In conclusion, I improved on and extended to lowand high-Q 2 values the previous phenomenological ex-tractions [46] of the three TPE amplitudes and the ratio P l /P Born l based on the formalism of Guichon and Vanderhaeghen [9] . Assuming that the TPE correction is responsible mainly for the discrepancy between the cross section and polarization data measurements, and because the recoil polarization data were confirmed "experimentally" to be essentially independent of ε [56] , I constrained the ratio − τ (1 + ε)/(2ε)P t /P l in Eq. (9b) to its ε-independent term (Born value) by setting the TPE contributions to zero. That allowed for σ R /(G p M ) 2 , Eq. (9a), to be expressed in terms of the remaining Y E (ε, Q 2 ) and Y 3 (ε, Q 2 ) amplitudes. As these amplitudes are functions of ε and Q 2 , I expand each of the amplitudes Y E and Y 3 as a second-order polynomial to reserve as possible the linearity of σ R as well as to account for possible nonlinearities in the TPE amplitudes. Further, I imposed the Regge limit where the TPE correction to σ R and the TPE amplitudes vanishes in the limit ε → 1 allowing for σ R /(G p M ) 2 to be expressed in its final form as given by Eq. (15) . By fixing (G p M ) 2 and the recoil polarization ratio R in Eq. (15), I fit the world data on σ R used in the analysis of Ref. [52] and extract the TPE amplitudes coefficients α (0,1,2) (Q 2 ) and β (0,1,2) (Q 2 ) which were then used to construct the three TPE amplitudes and the ratio P l /P Born l . My σ R fits described the data remarkably well with some deviation from linearity observed at low ε for the high Q 2 points in agreement with several hadronic-and pQCD-based calculations in this range.
For (G p E /G D (Q 2 )) 2 , my results in general are in reasonably good agreement with extractions using calculated TPE corrections and phenomenological-based fits. For (G p M /µ p G D (Q 2 )) 2 and at low Q 2 , my results are significantly above most previous fits. This reflects the discrepancy between the recent Mainz data which yields values of G p M which are systematically 2-5% larger than previous world data [66] .
The extracted TPE amplitudes coefficients, α k and β k (k = 0, 1, 2), are at the few-percentage-points level, and all show hints of oscillatory behaviour below Q 2 = 1.0 (GeV/c) 2 with clear sign of structure (dips/bumps) at Q 2 ≈ 0.02 (GeV/c) 2 . For Q 2 > ∼ 1.0 (GeV/c) 2 , the coefficients changed sign and increased in magnitude with increasing Q 2 . They were all best parametrized using second-order polynomials. See Table I. The extracted TPE amplitudes from this work are on the few-percentage-points level, and behave roughly linearly with ε as Q 2 increases where they become nonlinear at high Q 2 values. The amplitudes Y M and Y 3 are mainly positive at low Q 2 and change sign and grow in magnitude with increasing Q 2 . On the other hand, the amplitude Y E is negligible and mainly negative at low Q 2 and changes sign and grows in magnitude with increasing Q 2 . While the Y E and Y 3 amplitudes differ in magnitude, they certainly have opposite sign to each other as Q 2 increases where they tend to partially cancel each other. This suggests that the TPE correction to σ R is driven mainly by Y M and to a lesser extent by Y 3 in agreement with previous phenomenological extractions [46] at Q 2 = 2.50 (GeV/c) 2 . My extractions for Y M and Y E are also in reasonable qualitative agreement with previous hadronic calculations [28, [30] [31] [32] , all showing the fall and rise of both amplitudes with increasing Q 2 . However, my Y 3 has opposite sign and deviates strongly from both previous extractions and theoretical predictions except at Q 2 ∼ 1.0 (GeV/c) 2 .
I also investigated the Q 2 dependence of the TPE amplitudes at a fixed ε = 0.25. Both Y M and Y E fall below theoretical predictions, but they generally are in reasonable qualitative agreement with hadronic theoretical predictions, all showing a fall and then rise of both amplitudes with increasing Q 2 . At large Q 2 , and while my results for Y M are closer to calculations assuming a pure proton in the intermediate state (elastic) suggesting that Y M is influenced mainly by elastic contributions, my results for Y E are closer to calculations assuming inelastic contributions, mainly elastic + ∆(1232) resonance and to a lesser extent elastic + πN , suggesting that Y E is driven mainly by these contributions. For Y 3 and at low Q 2 , the amplitude is flat and above calculations up to Q 2 ∼ 1.0 (GeV/c) 2 . At high Q 2 , Y 3 starts to fall-off rapidly with increasing Q 2 agreeing only with calculations assuming elastic + ∆(1232) resonance which predict a slower falloff at large Q 2 . I also see clear tension between the Y E and Y 3 amplitudes where they tend partially to cancel each other suggesting that the TPE correction to σ R is driven mainly by Y M and to a lesser extent by Y 3 .
The ε dependence of the ratio P l /P Born l as extracted from this work suggests that the ratio is below unity with little sensitivity to ε at low Q 2 values. With increasing Q 2 , the ratio increases and changes sign with a sign of enhancement with ε. The results at Q 2 = 2.50 (GeV/c) 2 show clear enhancement with ε, and are in good qualitative agreement with the experimental data from the GEp-2γ collaboration [56] and previous fits of Ref. [46] at low ε, but they disagree noticeably at large ε. On the other hand, my results disagree strongly with theoretical predictions for the entire ε range.
